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Abstract
We studied the Szilard engine under the effect of generalized uncertainty principle (GUP). In
the classical Szilard engine, the work done by the engine is reduced by the GUP effect via a
modified ideal gas law. In the quantum Szilard engine, the correction comes from the shifted
eigen energy due to the nonlinear momentum dependence. We studied its effect on both bosonic
and fermionic molecules.
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I. INTRODUCTION
The thought experiment of Maxwell’s demon [1, 2] was to challenge the second law of
the thermodynamics, which states that the entropy can never decrease as time evolves.
The Szilard engine [3], as a working example, provides us control handles to realize this
daring dream in a quantitative and precise way. The simplest model of classical Szilard
Engine (cSZE) consists of a frictionless movable wall, empty box in which a single gas
molecule resides, and a weight to extract the work. The Szilard Engine operates in a
mostly isolated environment with four main phases: first inserting the wall to divide the
box into two equal parts, then the particle’s location is measured to determine which side
to hang the weight. The isothermal expansion of gas lifts the weight while in contact with
a thermal bath. At last removing the wall to complete a cycle of the Szilard Engine. The
engine is running based on the information from position measurement of the gas particle.
If we carefully insert and remove the wall in steady speed and exclude the work done
by the demon in order to measure and position, the work done by the engine is simply
due to the expanding phase, that is
Wc = kBTbath ln 2, (1)
where Tbath is the temperature of thermal bath. In contrast, the quantum Szilard engine
(qSZE), where the box is regarded as the infinite potential well, does work in all three
phases: insertion, expansion and removing[4]. For a single particle, there appears no
difference on the total work from the classical result. The quantum effect comes into play
for more than one particle. In particular, the total work done by a two-particle qSZE can
be expressed as
Wq = −2kBTbathf0 ln f0, (2)
where at low temperature, f0 approaches 1/3 for two identical bosons, but 0 for fermions.
Both approach classical work (f0 = 1/4) as Tbath →∞.
On the other hand, classical thermodynamics is about to break down for a runaway
temperature as the Schwarzschild black hole evaporates via the Hawking radiation, that
is
TBH =
h¯c3
8piGMk
, (3)
and a UV complete theory of quantum gravity is expected to emerge at the Planck scale or
string scale [5]. However, a convincing theory with supporting evidences from observation
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or experiments is unavailable at the moment or at least difficult. An economic and effective
way to generate a new scale of the order of Planck length is via the generalized uncertainty
principle (GUP) satisfying the commutative relation [6]:
[xˆ, pˆ] = ih¯(1 + αpˆ2) (4)
Application of this modification to the black hole thermodynamics implies a possible
existence of remnants, which in terms set up a scale for maximum temperature in our
universe [7, 8]. It is interesting to investigate its application to other thermodynamic
systems. In particular, it is unclear if the Szilard engine does work differently under the
effect of GUP. Will the modification of GUP cause any form of violation of the second
law? Does the GUP have same or different effect on bosons and fermions? In this letter
we will try to find answers for those questions.
This paper is organized as follows: we review the GUP-motivated ideal gas law in two
spatial dimensions and derive the correction to the work done by a cSZE in the section
II. We found the engine does less work due to the GUP effect. In the section III, we
discuss the work done by the qSZE for identical bosons and fermions. We discovered that
their statistical behaviors will be altered and quantum aspects can already been spotted
at slightly higher temperature.
II. GUP-MODIFIED IDEAL GAS LAW AND CLASSICAL SZILARD ENGINE
For simplicity, we will consider the cSZE made of a two-dimensional box filled with
ideal gas. The commutative relation (4) implies the following uncertainty principle:
∆x∆p ≥ h¯
2
[1 + α(∆p)2] (5)
or equivalently a suppression at high momentum in the phase space
2dxpdp
h2(1 + αp2)
(6)
Incorporating the GUP effect into the kinetic theory of non-relativistic gas respecting
the Maxwell-Boltzmann statistics, the differential of number density n(p) reads,
dn(p)
dp
∼ 2pipexp(
−p2
2mkBT
)
h2(1 + αp2)2
, (7)
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FIG. 1: 2D CSE model, the box is filled with ideal gas and separated by movable wall. The
sizes of left and right compartment are xl and (1−x)l respectively. We consider the initial state
with x = 1/2.
where m is the mass of gas molecule. This leads to the modified ideal gas law up to O(α)
correction:
PV = (1− α′kBT )NkBT +O(α2), (8)
where α′ = 12αm in the nature unit h = 1. We leave the derivation in the appendix.
Now we consider the configuration as shown in the Figure 1, where there are n gas
molecules at the left compartment and N−n particles at the right. During the isothermal
expansion phase, the wall starts at the middle of box and moves toward the right or left
upon the distribution n/N < 1/2 or n/N > 1/2. The expectation value of work done by
the cSZE is calculated in the appendix and has the following form [10] :
< W >= (1− α′kBT )kBT
2N
N∑
n=0
(
N
n
)
ln [2N(
n
N
)n(1− n
N
)N−n]. (9)
We plot it for various α in the Figure 2. It shows that the GUP effect reduces the work
done by cSZE. With same amount of volume change, the average pressure decreases due
to suppression of number density at large momentum.
Now we are ready to investigate the GUP effect on the Second Law. Without loss of
generality, we can consider a single gas molecule in the 2D box. The work done by the
cSZE during the isothermal expansion at temperature Tbath is given by
W ′c =
∫
dQ
Tbath
=
∫ L−√αh¯
L
2
PdV
Tbath
(10)
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FIG. 2: Work done by cSZE versus particle number N for different α. (a) When α = 0,
W/T = 0.6931 at N = 1, 2 and approaches ln 2 = 0.5025 at large N , (b) When α = 0.1
W/T = 0.6862 at N = 1, 2 and approaches W = 0.4523 at large N , (c) When α = 0.01,
W/T = 0.6862 at N = 1, 2 and approaches 0.4975 at large N .
where we have considered the minimal length scale
√
αh¯ under which the compression is
impossible. Using (8), one achieves
W ′c ≃ kBTbath(1− 12mα′kBTbath) ln[2(1−
√
αh¯
L
)] +O(α2). (11)
We have the following remarks: at first, the above work formulas reduces to (1) at the
commutative limit where α → 0. Secondly, it is obvious that W ′c < Wc = kBTbath ln 2. If
it would take the same amount of entropy for the demon to erase its old memory[1], say
Wc, then the net change of entropy would be ∆S = −W ′c +Wc > 0, where the Second
Law is satisfied.
III. QUANTUM SZILARD ENGINE
For the qSZE, we treat the particles in the box as the problem of infinite potential
well of width X . The particle in the box is described by a wave function satisfying the
Schro¨dinger equation with GUP correction:
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FIG. 3: There are three configurations for the case of two particles. We define the function fi
as the probability to find i particle(s) in left compartment. For example, the probability is (a)
f0 if there is no particle in left compartment, (b) f1 if there is one particle in left compartment,
(c) f2 if there are two particles in left compartment.
− h¯
2
2m
d2ψ
dx2
+
αh¯4
m
d4ψ
dx4
+ V (x)ψ = Eψ (12)
The wave fuction can be solved and energy eiigenvalues are[11]
En =
n2pi2h¯2
2mX2
+ α
n4pi4h¯
mX4
(13)
While the dividing wall moves from X1 to X2, the work done by qSZE is given by[4]
W = kBTbath
∑
n
∫ X2
X1
∂ lnZ
∂En
∂En
∂X
dX = kBTbath ln
Z(X2)
Z(X1)
, (14)
where the partition function is
Z(X, β) =
∑
n
exp[−β(n
2pi2h¯2
2mX2
+ α
n4pi4h¯
mX4
)] (15)
We will focus on the least nontrivial case of two identical particles and their partition is
shown in the figure 3. In particular, we compare the function f0 for bosons and fermions.
At high temperature limit, the quantum effect is overwhelmed by thermal fluctuation and
f0 approaches its classical value
1
4
. At zero temperature limit, f0 → 13 for bosons due to
the indistinguishability of two particles. On the other hand, f0 → 0 for fermions due to
the Pauli exclusive principle. At the finite temperature, f0 can be computed using (B3).
It is convenient to define a new variable d = Z(X, β)2/Z(X, 2β), such that f0 has the
expression[4]
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FIG. 4: f0 vs. temperature. The curves of dashed purple (α = 0) and solid green (α = 10) are
for bosons; curves of dashed red (α = 0) and solid blue (α = 10) are for fermions. In reality, α
should be very small but here we exaggerate its value in order to spot the effect.
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such that d → 1 at zero temperature limit and d → ∞ at high temperature. We plot
f0 against temperature for bosons and fermions in the figure 4. We discover that as
temperature decreases, the transition from classical into quantum regime appears earlier
under the GUP effect.
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Appendix A: Derivation of ideal gas law
We will derive the modified ideal gas law in equation (8). We apply the Taylor’s
expansion to equation (7) up to order O(α):
dn(p)
dp
= 2piCpe
−p2
2mkBT (1− 2αp2), (A1)
where C is the normalized coefficient to be determined. This can be integrated into
n(p) = C[2pikBT (1 + 4αmkBT )], (A2)
or equivalently
C =
n
2pikBT (1 + 4αmkBT )
(A3)
Then the gas pressure can be obtained by inserting (A1) and (A3) into
P =
∫ ∞
0
p2
2m
(
dn(p)
dp
)dp (A4)
Recalling the density n = N/V for particle number N and occupied volume V , one derives
the modified gas law :
PV = NkBT
1− 8αmkBT
1 + 4αkBT
≃ (1− 12αmkBT )NkBT +O(α2) (A5)
which can be inverted into the modified temperature
T ≃ PV
NkB
(1 +
12αPV
NkB
) +O(α2). (A6)
Appendix B: Derivation of work formula for classical Szilard engine
We will derive the expectation value of work for classical Szilard engine (9). We denote
the partition function of n particles in the left compartment of lengthX andN−n particles
in the right compartment of length L−X as
Zn,N−n(X) = Zn(X)ZN−n(L−X), (B1)
where Zn(X) is the partition function for n particles in a box of width X . The above
product form implies no interaction across the wall, which divides the box. If the partition
function takes the following form
Zn(X) =
Xn
λTn!
(B2)
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for some constant λT , then the probability of finding n particles out of N in one of the
compartments of length ln has following expression:
fn =
Zn,N−n(ln)∑N
n′=0 Zn′,N−n′(ln)
. (B3)
In particular, if one fixes ln = L/2, then one has
pn = fn|ln=L
2
=
Zn,N−n(L/2)∑N
n′=0 Zn′,N−n′(L/2)
=
1
2N
(
N
n
)
, (B4)
which agrees with what is expected according to the theory of permutation. The expec-
tation work performed in each cycle is given by
< W >= −(1− α′kBTbath)kBTbath
N∑
n=0
pn ln(
pn
fn
), (B5)
where the wall is initially inserted in the middle and moves toward the equilibrium position
ln =
n
N
l. After inserting (B3) and (B4), one can obtain (9).
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